INTRODUCTION
In this letter we study transport effects in neutron stars in an effective-field-theory framework, utilizing hydrodynamics. Proto-neutron stars are observed to receive kicks, i.e. a large change of momentum along their axis of rotation early in their evolution [1] . On a qualitative level, these kicks have been linked to asymmetric neutrino emission already in [2] [3] [4] . The modern formulation of hydrodynamics allows us to give a systematic and quantitative analysis. The crucial ingredient are quantum effects, which often only enter as small corrections to classical computations and rarely show up on macroscopic scales. They do make a qualitative difference in theories with anomalies, though: when classical conservation laws are broken by quantum effects. Famously, this explains the decay of the pion [5, 6] . The presence of anomalies in a microscopic theory is a robust feature that persists in effective-field-theory descriptions [7] . More recently, anomalies were found to have striking implications in the hydrodynamic regime [8] [9] [10] . The effects of the resulting new transport phenomena have mostly been studied on microscopic length scales, in the context of heavy-ion-collisions [11] [12] [13] . In this letter, we show that anomalous transport in hydrodynamics can have sizable effects also on very macroscopic scales, and explain the neutron star kicks.
In the first part of this letter we discuss the hydrodynamic framework and anomalous transport effects on a general level, with emphasis on the features that will be relevant for our effective description of a neutron star. In the second part we discuss the specific currents which receive large contributions from anomalous transport effects in a typical neutron star, and -as we argue -can propel it to the observed velocities. The resulting mechanism is illustrated in Fig. 2 .
ANOMALOUS HYDRODYNAMICS
In recent years, hydrodynamics has been reinterpreted and developed systematically in effective field theory language [14, 15] . One striking result of this program is that anomalies of the underlying microscopic quantum field theory cause macroscopic transport effects [8] [9] [10] . Any system which is described microscopically by a relativistic quantum field theory with anomalies receives the following contributions to a current corresponding to a global symmetry (at first order in the hydrodynamic expansion in gradients) [10] 
where a, b label the currents in the theory, n a is the net charge density, u µ is the fluid velocity, σ b a is the conductivity and
T ) with the field strength E a . Furthermore, we have the temperature T , flat metric η µν and the chemical potential µ a which is thermodynamically conjugate to n a . The two remaining terms in equation (1) µνρσ u ν F b µν with the field strength tensor F b (for the electromagnetic U(1) em this is the familiar magnetic field). The remarkable feature is that, using the standard hydrodynamic restriction of positivity of the local entropy production, the transport coefficients σ V a and σ B ab can be computed exactly from the anomalies of the underlying theory and thermodynamic quantities [10, 16] . The explicit expressions depend on the chosen frame. The commonly used Landau frame fixes the fluid velocity through conditions on momentum transport, which makes chiral transport effects partly implicit. This is inconvenient for a study of their implications, and we therefore use the fixed laboratory frame discussed in [17] , where The C abc are the coefficients characterizing the anomalous conservation laws,
ρσ . In perturbative calculations anomalies arise from triangle diagrams of the form shown in Fig. 1 , involving the three currents j a/b/c . The diagrams are generally not anomalous when all currents are vector-like (V), but can be for diagrams with axial-vector (A) contributions of the form VVA or AAA. The T 2 -term in (2) encodes the chiral transport effect at zero chemical potential. Remarkably, the coefficients β a can be linked to mixed gauge-gravitational anomalies of the form
, where ∇ is the covariant derivative, R the Riemann curvature and c m a numerical coefficient. The analysis of [19] showed that β = −8π 2 c m for a theory with a single global U(1) symmetry. Just as no background gauge fields are needed in order to see effects of chiral anomalies in the hydrodynamic description, no curved space or large gravitational fields are needed to get a sizable contribution from the mixed gauge-gravitational anomalies. When dynamical gauge fields contribute to the anomalies, the transport coefficients are not protected from renormalization and may receive additional contributions [20] .
The explicit expressions for σ V , σ B in (2) will allow us to compute the magnitude and direction of chiral transport contributions in a proto-neutron star below.
CURRENTS AND ANOMALIES
In this section we introduce the relevant currents and discuss their anomalies. For the neutron star kicks we will be interested in the leptonic currents, and to keep the discussion clear we make a number of simplifying assumptions: We ignore neutrino masses, since they are very small compared to typical temperatures and chemical potentials in a neutron star, and we will not speculate about the existence or nature of right-handed neutrinos. This means we do not take into account neutrino oscillations and the various lepton flavors are classically conserved separately. The relevant leptons for our purposes are electrons and electron neutrinos, since these are the flavors mostly produced in the relevant electroweak processes [21, 22] . For our purposes lepton number therefore means electron number. The electron and neutrino currents alone are not conserved at the classical level due to the weak interactions, and for the hydrodynamic description we therefore consider the classically conserved lepton number current combining both. At typical neutron star temperatures of O(10 MeV), sphaleron processes are suppressed [23] and we will not take them into account. The electron mass is small compared to typical temperatures and chemical potentials as well, and it is tempting to just work with massless electrons. Despite being small, the electron mass was found to have drastic implications for the asymmetry between left-handed and right-handed electrons generated during the formation of a neutron star in [24] . We will assume here that the left-handed and right-handed lepton number currents, J L and J R are separately conserved within each local equilibration region to a good enough accuracy to be part of the hydrodynamic description. The holographic study in [25] has shown that the anomalous transport effects present for conserved currents persist when the conservation is slightly violated, and they were even enhanced in certain cases. We leave the question of whether or not a large electron asymmetry is generated during the formation of the neutron star open and consider both scenarios when we discuss anomalous transport in the next section.
To discuss the anomalies we will use the linear combinations J L ± J R and call them J and J 5 , respectively. The electron part in these currents is vector/axial vector like, while the neutrino part is purely left-handed for both. The charges under the respective symmetries U(1) / 5 are 1 for all fields except for the right-handed electrons, which have −1 w.r.t. U(1) 5 . Since neither of J and J 5 are purely vector like, we get a rather large number of different anomalous triangle diagrams. To begin with, both symmetries have a U(1) 3 a anomaly, yielding non-vanishing coefficients C aaa with a = , 5. We also get non-vanishing C , , 5 and C , 5, 5 . These will be relevant for the chiral effects due to the vorticity only. We also have mixed anomalies with the electromagnetic gauge field. Since the U(1) em is vector like, we get these from VVA diagrams. In these diagrams the neutrinos do not contribute since they are not charged under U(1) em , and J / 5 therefore actually behave vector/axial vector like. We get two non-vanishing anomaly contributions corresponding to C em, , 5 and C em,em, 5 . Computing the actual numerical values of all these coefficients is straightforward, and we do not need to list them here.
CHIRAL TRANSPORT IN PROTO-NEUTRON STARS
After the discussion of the general framework and the relevant currents above, we now focus on anomalous transport of leptons in the bulk of a neutron star. Elec-trons and neutrinos appear together in the classically conserved currents J and J 5 , and anomalous transport, if present, thus affects both. The transparency properties of the crust will be discussed below.
To estimate the relative strength of the two anomalous transport effects in the neutron star we take a look at its vorticity. The star can be modeled as a rigidly rotating disk of radius r N , with vorticity ω = −2Ω where Ω is the angular velocity. With Ω = 2π/ms as a ballpark figure  [26] , we then find ω ≈ 10 −17 MeV. The magnetic fields, on the other hand, can easily take values of 10 12 G ≈ 0.1 MeV 2 [27] . The dimensionful quantities entering the coefficients (2) are all of O(MeV), and we thus expect the chiral effects due to the magnetic field to be dominant by many orders of magnitude.
For an order-of-magnitude estimate of the coefficient for the chiral effect due to vorticity we use [21, 22] /n = µ = 300 MeV , T = 10 MeV ,
along with = 3P . This yields
with an O(1) coefficient C x parametrizing the contribution from U(1) anomalies and the second term representing the temperature-dependent contributions. We see that the coefficient β, which includes the gravitational contributions, enters at essentially the same order of magnitude as the pure U(1) anomalies parametrized by C x . We now turn to the chiral effects due to the magnetic field, which we discuss in more detail. The coefficients we are interested in are σ B a,em with a = , 5 , such that B is the magnetic field of U(1) em . The explicit form is σ B a,em = C a,em,c µ c . We see that at least one of the external fields in the triangle diagrams computing the C abc is the electromagnetic gauge field. As explained above, in that case the only non-vanishing coefficients are C em, , 5 and C em,em, 5 . Assuming that the neutron star is neutral to a good approximation, we ignore the contribution due to the latter. With C = C em, , 5 = 1/(2π 2 ) the explicit form of the coefficients becomes
To estimate the resulting currents we use (3) for the values of µ and n , and for the corresponding values for J 5 we discuss two cases. The first case is µ 5 ≈ 0. Noting that n 5 = n eL − n eR + n ν , this describes the case where electron chirality is preserved: the electroweak interactions may generate a large chiral asymmetry for electrons, but the combined number of left-handed electrons and neutrinos is conserved. The range of magnetic fields observed in neutron stars is rather wide, and spans several orders of magnitude [27] . With the intermediate value B = 0.1 MeV 2 and (3) we find
The effect is illustrated in Fig. 2(b) : J ≈ 0 means that there is an equal number of leptons moving parallel and antiparallel to the magnetic field. From the nonvanishing J 5 we conclude that left-handed and righthanded leptons are on average moving in opposite directions. We now come to the second scenario, where the chiral asymmetry of the electrons is washed out during the formation of the neutron star [24] . In that case we do get a non-vanishing µ 5 from the excess of left-handed particles due to the neutrinos. The number of left-handed and right-handed leptons in Fig. 2(b) then is not equal, resulting in a non-vanishing J . The left-handed current (J + J 5 )/2, however, changes only by an O(1) factor compared to the previous scenario, and the same applies for its composition in terms of electrons and neutrinos. The crucial point for us is that only the neutrinos will be able to leave the neutron star, and the number of excess neutrinos moving along the magnetic field changes only by an O(1) factor. The order-of-magnitude estimate of the kick in the next section is therefore not affected.
KICKS FROM CHIRAL TRANSPORT IN PROTO-NEUTRON STARS
With the precise form of the transport coefficients and an estimate for the resulting currents, we can now estimate whether and how efficiently the resulting currents can accelerate the neutron star. In typical scenarios, the crust of a neutron star is transparent only to neutrinos, which are thus the only particles emitted, as illustrated in Fig. 2 . This produces a recoil on the neutron star, which we estimate as follows.
To get the number of neutrinos leaving the neutron star, we compute the neutrino fluxṄ ν = | J|A, with the area of the rotating disk A = πr 2 N and r N = 10 km. For the current we take the value for J 5 given in (6), augmented by a fudge factor 1/2 to account for the fact that only the neutrinos can leave the neutron star. This is compatible with the number densities given in [21, 22] , but should be understood as order-of-magnitude estimate. Converting to SI units, we findṄ ν ≈ 10 54 /s. To compute the corresponding momentum current we could use the chiral transport coefficients for the energymomentum tensor, as given in [17] . For the sake of simplicity, however, we just use the Fermi momentum as average momentum per neutrino, p ν ≈ µ , which reproduces the same result. For the momentum of the neutron star after the kick we then get ∆P NS = ∆tṄ ν p ν , where ∆t ≈ 10 s is the time span we assume for the kick to last. With a neutron star mass of m NS = 3 · 10 30 kg this yields ∆v ≈ 10 3 km/s .
We thus find that the sudden momentum gains can indeed be explained by rapid neutrino emission due to the chiral transport effects, resulting in the simple picture shown in Fig. 2 .
FIG. 2.
A neutron star rocket with neutrino propulsion: Neutrinos are emitted from a proto-neutron star through chiral transport effects parallel to the magnetic field B. (a) The general mechanism: each neutrino carries away the momentum pi, producing a recoil pns = − i pi on the neutron star. (b) Illustration of the currents: J ≈ 0 but sizable J 5 means that left-handed leptons flow opposite to right-handed ones. Only the left-handed neutrinos can escape through the crust.
DISCUSSION
In this letter we have estimated anomalous transport effects in proto-neutron stars in a systematic hydrodynamic framework. There are two independent effects, one causing neutrino emission along the axis of rotation, and the other one causing emission along the magnetic field of the proto-neutron star. The latter turns out to be dominant by many orders of magnitude, and the neutrino recoil can indeed accelerate a typical proto-neutron star to velocities of order 10 3 km/s, in agreement with observations. The specific numbers given in the text are based on order-of-magnitude estimates for the properties of a neutron star, but we have provided the framework and formulae to perform accurate calculations.
At the early times when the neutron star kicks happen, the crust is typically transparent for neutrinos only. Studies of anomalous transport effects for electrons alone [28, 29] could therefore not explain the early kicks. In the hydrodynamic framework we had to consider the classically conserved lepton number currents involving electrons and neutrinos. The electrons are crucial in the bulk of the neutron star and are only filtered out at the crust. This leaves the neutrinos to escape and kick the neutron star. Another difference to previous approaches is that we work in an effective-field-theory description from the outset. In previous studies of asymmetric neutrino emission as kick mechanism [2] [3] [4] 30] , an asymmetry produced by processes studied at the microscopic level had to be evolved to macroscopic scales, and there suffered from thermal wash-out. Our mechanism starts out directly with a macroscopic parity-violating transport effect on the level of the effective hydrodynamic description. A short mean free path here is a necessary ingredient for the hydrodynamic description to be valid, and not a problem.
The precise form of the transport terms also allows for phenomenological conclusions. On a qualitative level, we expect the kick to be aligned with the axis of rotation only if the magnetic field is aligned with it. More quantitatively, we find a precise relation between the properties of the neutron star and the strength and direction of the kick. The chiral effect due to the vorticity in principle offers access to mixed gravitational anomalies, which result in a quadratic temperature dependence. For typical neutron stars the effect is outshined by the chiral effects due to the magnetic field, but there may be situations where this is different. Finally, we note that the transport coefficients could also be sensitive to torsional contributions to the anomalies, discussed recently in [31] , but leave a detailed analysis for the future.
